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ABSTRACT
We study the semi-classical limit of the solution of the Dirac equation in a back-
ground electromagnetic/gravitational plane wave. We show that the exact solution
corresponding to an asymptotically fixed incoming momentum satisfies constraints
consistent with the classical notion of a spinning particle. In order to further ana-
lyze the motion of a spinning particle in this external inhomogeneous field one has
to consider wave-packet superpositions of these exact solutions. We are currently
investigating the existence of a classical theory of a phenomenological spin tensor
which reproduces our quantum-mechanical results.
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1. Introduction
There has been a resurgence of interest lately in the study of the dynamics of
a spinning object in an external field. Indeed, there are special cases where the
answer is well-known, examples of which are the case of a microscopic particle in a
(nearly) uniform electromagnetic field and the formal description of a macroscopic
spin in a gravitational field with special symmetries. The former case is described by
the Michel-Bargmann-Telegdi (BMT) equation, while the latter is formally solved
within the Papapetrou-Dixon theoretical framework. One may argue that the gen-
eral case is well-defined, since the coupling of spinning matter with external fields is
known to be through the appropriate field equation in the given background field.
This approach, however, is lacking in practicality. The exact solutions of any field
equation in a background field are very few and most do not correspond to physically
realistic configurations. Clearly, one does not resort to solving the Dirac equation
in order to predict the behavior of an electron spin in an accelerator (cf. Siberian
snakes)! One is then drawn to the challenging task of describing this interaction of
spinning particles in terms of a set of self-consistent equations for the components of
a phenomenological spin tensor which satisfy certain constraints. The approaches
to this problem have been varied (see Ref. 1 and references therein). Researchers
have employed arguments of analogy with the BMT equation, have used Lagrangian
theories, Hamiltonian constructions, Ruthian formulations, supersymmetric manip-
ulations, quaternion and octonion algebras, etc.
In this talk, I motivate the use of a specific toy model where one may be able to
test the extant theories of spin-1
2
particles in external fields. My philosophical bias is
that no (semi-)classical theory of spinning particles in external fields can ever hope
to be acceptable if it does not agree with a (properly chosen) classical limit of the
corresponding field equation. It is useful, therefore, to start with the Dirac equation
and construct a suitable phenomenological spin tensor, whose time development is
governed by equations deduced from the quantum mechanical dynamics.
2. The model
There exists a particularly simple (but non-trivial), realistic gravitational and
electromagnetic background, where one can solve the Dirac equation exactly, namely
in a plane gravitational or electromagnetic wave. The wave’s spectral decomposi-
tion can be arbitrary, guaranteeing departure from uniformity. The high degree of
symmetry, however, provides one with a wonderfully tractable solution. The solu-
tion in the electromagnetic case is originally due to Volkov. Here we lean heavily on
the description of Brown.2 Due to the formal similarity of the electromagnetic and
gravitational backgrounds, we were able to easily obtain a solution for the gravi-
tational case, as well. In the interest of brevity, we present here the outline of the
argument in the electromagnetic case only.
A plane wave is given by a vector potential Aµ which depends on a single argu-
ment only, i.e.
Aµ = Aµ(y) , (1)
2
where y = nµx
µ, and nµ is a null vector which describes the unique direction of
propagation of the plane wave. In the Lorentz gauge ∂ · A = 0 = n · A, one can
obtain the solution of the Dirac equation
(i6∂ − e6A−m)ψp(x) = 0 , (2)
where the subscript p in the solution refers to the asymptotic incoming momentum
of the fermion. The explicit form of the solutionbtogether with the accompanying
details are given elsewhere.1, 2
One can perform a Gordon decomposition of the Dirac current, jµp (x),
jµp (x) = ψp(x)γ
µψp(x) ≡ jc
µ(x) + js
µ(x)
=
ih¯
2m
(
ψp(x)D
µψp(x)−D
µψp(x)ψp(x)
)
+
h¯
2m
∂ν
(
ψp(x)σ
µνψp(x)
)
. (3)
The first term in the above decomposition is the convective current and the second
is the spin current. Both currents are separately conserved. One obtains,
jc
µ(y) =
1
m
(pµ − eAµ(y) + nµIp(y)) +
eh¯
4m
nµ
n · p
u(p)Fαβ(y)σ
αβu(p) (4)
js
µ(y) = −
eh¯
4m
nµ
n · p
u(p)Fαβσ
αβu(p) ≡
1
m
∂νJ
µν , (5)
where Iq(y) =
1
2n·q
(2eA · q − e2A2) and u(p) is a free Dirac spinor. Note that each
current depends only on y, and that the total current is independent of the spin,
through a non-trivial cancellation of terms.c
A natural candidate for a semi-classical spin tensor is Sµν , where
Jµν(y) = ψp(x)
h¯
2
σµνψp(x) ≡ u(p)S
µν(y)u(p) . (6)
Exploiting the classical equality y = n·p
m
τ , we are then able to express the spin tensor
of the fermion at proper time τ in terms of the initial spin tensor at τ → −∞,
Sµν(τ) = Oµν ρλ(τ)S
ρλ(−∞) , (7)
b One interesting point to note here, however, is that one can arrive at the solution in the following
way. One solves the classical Lorentz force equation (or geodesic equation, in the gravitational case),
in terms of Hamilton-Jacobi theory, and one obtains explicitly Hamilton’s characteristic function,
φ. Armed with φ, one can show that the exponential of φ, exp(iφ/h¯), satisfies the Klein-Gordon
equation in the relevant background field, i.e. the WKB approximation is exact in this case. The
final step is to verify that the solution to the Dirac equation in the same background is equal to the
WKB factor multiplied by an appropriate spinor. The beauty of this approach, is that one is always
in touch with the classical interpretation of quantum mechanical observables. One example is the
establishment of the proportionality between y = n · x and the classical proper time τ , y ∝ τ .
c This shows the error in the usual statement that the convective current is the part of the current
which corresponds to the translational motion only and is, therefore, independent of spin.
3
where
Oµν ρλ(τ) = δ
µ
ρ δ
ν
λ +
2e
m
∫ τ
−∞
dτ ′ δρ
[µF ν] λ(τ
′) +
e2
2m2
∫ τ
−∞
dτ ′
∫ τ
−∞
dτ ′′ F µν(τ ′)Fρλ(τ
′′)
+
e2
(n · p)2
n[µδν] ρnλA
2(τ) . (8)
Note that the above expression for the spin tensor involves the vector potential in the
Lorentz gauge. However, S is invariant under the restricted gauge transformation
Aµ(y)→ Aµ(y) + ∂µχ(y), as one may easily verify.
This completely defines the dynamics of the spin tensor in this specific back-
ground field. For additional details and for the solution in the gravitational wave
background see Ref. 1. Let us turn next to the issue of constraints. Any set of
dynamical equations for the spin tensor is incomplete without conditions which re-
strict the number of components of the spin tensor.3, 4 In this case, one can show
that S satisfies the following constraints without the use of equations of motion,
namely
vµ(τ)S
µν(τ) ≡
1
m
(pµ − eAµ + nµIp(τ))S
µν(τ) = 0 (9)
assuming vµ(τ → −∞)S
µν(τ → −∞) = pµ/m S
µν(τ → −∞) = 0, and
d
dτ
(Sµν(τ)Sµν(τ)) = 0 . (10)
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